Abstract : In this paper, an adaptive high gain control is investigated for nonholonomic systems with uncertain control coefficients. By using the high gain technique, it is possible to design a stabilizing controller for such uncertain controlled systems. In addition, the designed adaptive controller is rather simple, since it has only one adaptive adjusting term even though there are a lot of uncertainties in the controlled system. The application of this controller to a nonholonomic wheeled mobile robot is considered as an illustrative example.
Introduction
The systems with nonintegrable constraints are called nonholonomic systems [1] . There are lots of mechanical systems with nonholonomic velocity constraints such as wheeled mobile robots, tractor-trailer systems, free-floating space robots and underwater vehicles. These nonholonomic constraints can be figured as driftless nonholonomic forms. By Brokett's theorem, it is well known that the nonholonomic systems can not be asymptotically stabilized to their equilibrium points by any continuous time-invariant state feedback even though the systems are controllable [2] . In other words, it is necessary to apply some technique to design a stabilizing controller for nonholonomic systems. Therefore, since nonholonomic systems are more difficult to control compared with holonomic systems, the design of a stabilizing controller for nonholonomic systems is a challenging problem and has attracted much attentions.
The nonholonomic chained form is one of the important canonical forms. It can be used to express kinematics of many nonholonomic mechanical systems. For the chained form, switching control and discontinuous feedback control have been proposed [3] - [6] . In these works, not only the stability of the closed-loop system but also regulation can be achieved at the kinematic level. Furthermore, in recent works, path following control and navigation are attained [7] - [9] . However, in many practical cases, it will be more realistic to formulate the nonholonomic system control problem at the dynamic control level. Recognizing the importance of considering the dynamics of the controlled system, several control strategies are proposed at the dynamic control level. For instance, adaptive controllers for nonholonomic systems with unknown inertia parameters [10] , [11] , robust adaptive controllers for the systems with some uncertainties in its dynamics or its constraints [12] - [16] , robust controllers based on sliding-mode for the systems with disturbances [17] , [18] and an adaptive high gain feedback con-troller for the system with a class of unbounded uncertainties, are proposed [19] . Although these controllers can stabilize nonholonomic systems with some uncertainties and/or disturbances, the structure of the designed controller becomes complicated because a number of adaptive adjusting terms are needed. Furthermore, in the most controller design methods, the coefficient of the control input should be known to decouple the control input.
In this paper, an adaptive high gain feedback controller is proposed for nonholonomic systems with uncertain control coefficients. The main contribution of this work is that we can design a stabilizing controller in the case where the control coefficient is not accurately known. Such a controller can be designed by using the high gain feedback technique [20] . The basic adaptive high gain controller is formed by u = −k(t)y(t),k(t) = y 2 (t), where y(t) is the plant output, so that k(t) increase until it becomes large enough to force the asymptotic stability of the closed-loop system. y(t) will converge to zero and k(t) will converge to a finite value. High gain feedback is well known as a powerful controller design technique with simple controller structure and high robustness [20] - [24] . The considered controlled system is a general mechanical system with nonholonomic velocity constraints. In the proposed method, it is possible to design a controller in the case where the control coefficient is not accurately known and the all system parameters are unknown. The designed controller structure is rather simple because there is only one adaptive adjusting term even though there are a lot of uncertainties in the controlled system, and has high robustness for unexpected bounded modeling errors and disturbances since it is designed based on high gain feedback.
Problem Statement
Consider a general mechanical system with nonholonomic constraints expressed in the form
where
n×n is a positive definite symmetric inertia matrix, C(q,q)q ∈ R n denotes a set of centripetal and Coriolis torques, JCMSI 0006/12/0506-0319 c 2011 SICE
is a full rank matrix, λ ∈ R n−m is Lagrange multiplier, and D(q,q) ∈ R n denotes some dynamic uncertainties and/or disturbances. The constraint (2) is completely nonholonomic and we suppose that the following assumptions are held for the system (1). C(q,q) and G(q) are bounded matrices for bounded q andq. Assumption 2:Ṁ − 2C is skew-symmetric for a suitable definition of C. Assumption 3: Inertia parameters of the controlled system appear as a linear combination, that is,
where Y(q,q, ξ,ξ) is a known matrix of q,q, ξ,ξ and a is an unknown inertia parameter vector. Assumption 4: D(q,q) can be evaluated by
with a known function ψ(q,q) and some positive constants d 1 and d 0 .
Since the constraint (2) is completely nonholonomic, there exists the vector fields
Differentiating equation (5) gives
Substituting this expression into (1) and multiplying it by H(q) T , the control system (1) with the constraints (2) can be expressed by
The reduced system (7) and (8) describes the constraint motion and dynamic behavior of the original system except the constraint force terms. Further, from Assumption 1 to 3, the following properties hold.
• M 1 (q), C 1 (q,q) and G 1 (q) are bounded matrices for bounded q andq.
•Ṁ 1 − 2C 1 is skew-symmetric.
•
is a known matrix of q,q, ξ andξ.
Additionally, we impose the following assumptions:
There exist a positive definite matrix B * 1 and a known matrixB 1 such that
for an uncertain control coefficient B 1 . Assumption 6: The boundedness of ζ T M 1 (q)ζ implies the boundedness of ζ for bounded q. Assumption 7: The constraint (8) is, or can be converted to one-generator, single-chain form,
. . .
The time derivative of v 1 is bounded.
Remark 1:
The general mechanical systems usually satisfy Assumptions 1 to 3 and 6.
Controller Design

Transformation by Discontinuous Expression
Firstly, we transform (10) into a discontinuous form in order to assure the existence of a smooth time-invariant state feedback control low.
In this work, we consider the following transformation:
which is so called σ-process [6] with discontinuous form at q 1 = 0. Applying this transformation, the controlled system is represented by
Further, from Assumptions 1 to 3 and 5, the following properties hold.
• M 2 (z), C 2 (z,ż) and G 2 (z) are bounded matrices for bounded z andż.
•Ṁ 2 − 2C 2 is skew-symmetric.
is a known matrix of z,ż, ξ andξ.
• There exist a positive definite matrix B * 2 and a known matrixB 2 such that B 2B2 = B * 2 .
Remark 2:
The transformation given in (11) is a nonsingular transformation without the point at q 1 = 0. That is, σ-process allows to map the space of smooth systems into the space of discontinuous systems, in which the transformed system is not defined at z 1 = 0 as in (13).
Design of an Adaptive Control System
For the nonholonomic system which is expressed by (12) and (13), a high gain adaptive feedback controller is designed as
k 1 is a positive constant, p i (i = 2, · · · , n) are parameters selected so that the matrix A is stable and P is a positive definite matrix for any positive definite matrix Q. α(z 1 ) is a continuous and class C 1 bounded function at |z 1 | = δ α for any positive constant δ α and has the following properties with a positive constant d 2 : 
is an adequate function.
Remark 5:
In the proposed adaptive control (14) ,k I is a high gain adaptive feedback gain which is automatically adjusted in order to stabilize the closed-loop system. To satisfy the stability of the controlled system with some uncertainties, the adaptive gain is designed by using σ-modification. It is a robust adaptive control technique. k P contains a robust control term for a class of unbounded uncertainties and/or disturbances. Remark 6: In the proposed method, there is an ideal gain which guarantees the stability of the closed loop system and the stability never collapses by selecting a large gain than the ideal gain. However, a large gain may cause large control input. In order to prevent such an undesirable phenomena, we adjust the feedback gain adaptively.
Stability and Convergence Analysis
A following theorem is the main result.
Theorem 1:
Consider the nonholonomic system given by (1) and (2) Proof: Fromṽ = v − η, (13) can be expressed aṡ
and we have from (12) that
by applying the control low (14) . From Assumption 3, we have
Thus the closed loop system with the proposed controller is represented as
Here we consider a Lyapunov function given as
T ] is the minimum eigenvalue of the positive symmetric matrix B * 2 + B * 2 T and k * I is an ideal feedback gain of k I which is determined later. The time derivative of V can be obtained aṡ
From (18) and Assumption 2, we havė
Also from (14) and Assumption 4, we have
Further from the facts that |1 − α| ≤ d 2 and ṽ ≥ |ṽ 1 |, the time derivative of V can be evaluated aṡ
where ρ 1 is a positive constant and q m denotes the minimum eigenvalue of the matrix Q. R is a constant which includes controller parameters γ I and γ P as follows:
Here setting ρ 1 = k 1 2 and selecting the ideal feedback gain k * I with a positive constant δ k as
the time derivative of V can be finally evaluated byV
From (28), z 1 , z L ,ṽ andk I are bounded. Additionally, η is bounded from the boundedness of z 1 , z L ,ṽ and (15), andż 1 is bounded from (24) . Also we have the following evaluation from (19) :
and from (17) F is bounded, andż L is bounded from (24) . From (15), we havė
so thatη 1 is bounded from Assumption 8 and the boundedness ofż 1 ,ṽ 1 . Further,η 2 is bounded from the boundedness ofż L . Finally, Φ(z,ż, η,η) and Ψ(z,ż) are bounded from the boundedness of z,ż, η,η. Thus all the signals in the closed loop system are bounded.
Here we have from (28) thaṫ
where p M and m 2M denote the maximum eigenvalue of the matrix P and M 2 respectively. Such m 2M is sure to exist because M 2 is bounded matrix from the boundedness of z 1 and z L . From (31), we have
and from (25), we can obtained the following evaluation
Thus we can decrease the values of z 1 , z L andṽ by decreasing R in the right hand side of (33). In other words the signals z 1 , z L andṽ converge to a small region around the neighborhood of the origin 0 by setting large values of controller parameters γ I and γ P in R.
Remark 7:
The signals z 1 , z L andṽ can converge to any small region δ by setting the controller parameters γ I and γ P arbitrary large. From (33), we have
Thus, we achieve convergence of signals z 1 , z L andṽ to any small region δ by selecting the controller parameters γ I and γ P which satisfy the following inequality:
For example, one can set the controller parameters as follows:
Then, we obtain that |z 1 | ≤ δ, z ≤ δ and ṽ ≤ δ with any small positive constant δ. However, it should be noted that the signals can not converge to 0. 
Numerical Simulation
Consider a wheeled mobile robot moving on a horizontal plane (see Fig. 1 ). The robot has two nondeformable wheels and the orientation of the wheels is fixed. Assume that the robot moves without slipping on a horizontal plane and the center of gravity is located at midpoint of the two wheels axle. The robot is driven by two motors, which provide torques acting on the rotational axes of the two wheels.
By choosing the generalized coordinates as p = [x, y, θ] T , the robot dynamics and nonholonomic constraint of the nonslipping condition can be described as follows:
where x, y are the position of the center of gravity, θ is an attitude angle, 2L is the distance between the two wheels, R is the radius of both wheels, m is the mass of the mobile robot, I is its inertia moment around the vertical axis at the center of gravity,
T are the torques provided by the motors and λ is Lagrange multiplier. (38) expresses a nonholonomic constraint of the non-slipping condition.
Here considering
which satisfies J(p)H(p) = 0, the nonholonomic constraint condition (38) can be represented bẏ T from left hand side, the wheeled mobile robot can be expressed as
Applying following variable transformations q 1 = θ,
(40) and (41) become
where 
In this simulation the robot parameters are given as
andB 2 and controller parameters are selected bȳ shows the trajectory of the robot on the x − y plane when γ I = 10, 25 and 50. In all cases, the two wheeled mobile robot is settled to the neighborhood of origin in 30s. Remark 10: In practice, we can not check whether B * 2 is positive definite matrix or not, without using accurate values of L. However, one can infer the acceptable range of uncertainty from the result that 6LL
Conclusions
In this paper, the authors proposed a design method of high gain adaptive feedback controller for nonholonomic systems. The proposed method can design a control signal even though the control coefficients have some uncertainties.
